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 This study develops Stability-Dispersion Adaptive Weighted K-Means 
(SDAW-K-Means), an extension of classical K-Means that updates 
feature weights according to within-cluster dispersion. Classical K-
Means treats all standardized features equally, although some 
features may be more relevant for cluster separation than others. The 
proposed method estimates feature weights iteratively: features with 
smaller within-cluster dispersion receive larger weights, while less 
informative features receive smaller weights. The empirical 
illustration uses the public Iris dataset from the UCI Machine 
Learning Repository through scikit-learn. Results show that the 
proposed weighting mechanism is interpretable and can improve 
agreement with reference labels based on the adjusted Rand index. 
The article contributes a transparent feature-weighted K-Means 
formulation for applied clustering research. 
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1. INTRODUCTION  
Clustering is a fundamental task in multivariate data analysis because it aims to group 

observations according to similarity without using response labels. Among many clustering 
algorithms, K-Means remains one of the most popular because it is simple, fast, and easy to 
explain. The method assigns observations to the nearest centroid and updates centroids 
until the within-cluster sum of squares is minimized [1]-[3]. This simplicity has made K-
Means a standard tool in statistics, data mining, machine learning, marketing, biology, and 
education. 

Despite its popularity, classical K-Means has well-known limitations. It is sensitive to 
initialization, feature scaling, outliers, and the assumption that clusters are approximately 
spherical in the chosen metric space [4]-[6]. Standardization is commonly used to handle 
scale differences, but standardization does not answer a deeper question: should every 
feature contribute equally to the distance calculation? In many applied problems, some 
features carry strong cluster information while others mostly add noise. 

Previous research has improved K-Means through better initialization, cluster 
validation indices, and feature weighting [4], [9]-[12]. The k-means++ algorithm improves 
centroid initialization, the silhouette coefficient helps assess cluster quality, and the gap 
statistic assists in selecting the number of clusters. Weighted and sparse clustering 
approaches further show that feature contribution is a meaningful part of clustering design 
[18]. However, some weighted methods require additional tuning parameters or 
optimization steps that may be difficult for applied researchers to explain. 

A practical feature-weighting method should be transparent. If a feature receives a 
high weight, the analyst should be able to explain why. A natural explanation is within-
cluster compactness: a feature is useful when it helps make members of the same cluster 
similar. Conversely, a feature that remains highly dispersed within clusters may not support 
cluster structure strongly. This intuition connects directly to the K-Means objective 
function. The novelty of this article is the proposed Stability-Dispersion Adaptive Weighted 
K-Means, abbreviated as SDAW-K-Means. The method updates feature weights using 
within-cluster dispersion. Features with smaller within-cluster dispersion receive larger 
weights after normalization. The resulting algorithm remains close to classical K-Means but 
adds an adaptive feature-sensitivity mechanism. Based on the literature reviewed, this 
simple dispersion-normalized formulation is presented here as a reproducible 
methodological development for applied clustering. 

The proposed method should not be interpreted as a universal solution for all 
clustering problems. If clusters are non-convex, density-based or spectral methods may be 
more appropriate. If the data contain severe outliers, robust clustering may be needed. 
SDAW-K-Means is designed for cases where the analyst is already considering K-Means but 
wants the distance metric to learn feature relevance from the data. The empirical 
illustration uses the Iris dataset, a classical public dataset with four morphological features 
and three species labels [7], [8]. Although clustering is unsupervised, the species labels can 
be used as an external benchmark for evaluating partition agreement. This makes Iris useful 
for demonstrating whether feature weighting improves alignment with known structure. 
The objectives of this study are to formulate SDAW-K-Means mathematically, provide an 
explicit algorithm, compare it with classical K-Means, interpret the learned feature weights, 
and relate the results to previous studies on initialization, cluster validation, and feature-
weighted clustering. 

 
 
 

2. METHOD 
 

 The development of K-Means clustering in this article follows an incremental 
methodological logic. The proposed method does not discard the classical model; instead, it 
identifies a vulnerable component of the classical method and modifies that component 
with an additional data-driven mechanism. This design is important because classical 
statistical methods are usually valued not only for numerical performance but also for 
interpretability, teachability, and reproducibility. The mathematical formulation is 
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deliberately kept explicit. A proposed method can look attractive in empirical comparison, 
but it is weak as a methodological contribution if the objective function, estimator, or 
algorithm cannot be written clearly. For that reason, the equations below separate the 
baseline model, the newly introduced adaptive component, and the final estimator. This 
separation makes the novelty easier to audit and easier to replicate. The empirical analysis 
should be read as an initial validation. A single benchmark dataset cannot prove universal 
superiority. However, it can demonstrate whether the proposed method can be 
implemented, whether the output is statistically interpretable, and whether the result is 
consistent with the theoretical motivation. This is the appropriate role of a prototype article 
in methodological development. To avoid an overclaim, this article uses the phrase 
proposed method rather than claiming a final universal solution. The methodological 
novelty lies in the formulation and integration of the adaptive component. Future work 
must still examine asymptotic properties, simulation-based robustness, and performance 
under different data-generating mechanisms. 

2.1 Data Source and Research Procedure 
The dataset used in this study is the Iris dataset, publicly available through the UCI 

Machine Learning Repository and scikit-learn. It consists of 150 observations and four features: 
sepal length, sepal width, petal length, and petal width. The species labels are not used to form 
clusters; they are used only for external validation after clustering. 

 
 

Table 1. Research data source for the K-Means article 
Component Description 

Source UCI Machine Learning Repository / scikit-learn Iris dataset 
Observations 150 iris flowers 
Features Sepal length, sepal width, petal length, petal width 
Reference labels Three species 
Research purpose Comparing classical K-Means and feature-weighted SDAW-K-Means 

 

 

Table 1 identifies the public dataset and the role of labels. The distinction is important 
because clustering is performed without labels, while labels are used only for evaluation. 
The research procedure includes feature standardization, running classical K-Means with K 
= 3, initializing feature weights equally, iteratively updating clusters and weights, projecting 
results into two principal components for visualization, and evaluating clusters using 
silhouette and adjusted Rand index. 

2.2 Development of the Stability-Dispersion Adaptive Weighted K-Means Method 
This section is arranged according to the methodological development of the 

proposed Stability-Dispersion Adaptive Weighted K-Means (SDAW-K-Means). The 
formulation begins with the standardized data representation, states the classical K-Means 
baseline, introduces the weighted-distance component, and then defines the adaptive 
stability-dispersion update used to estimate feature weights. 

Let X denote an n by p data matrix. Because K-Means is scale-sensitive, each feature 
is first standardized as follows. 

𝑧𝑖𝑗 =
𝑥𝑖𝑗 − 𝑥𝑗

𝑠𝑗
,   𝑖 = 1, … , 𝑛,  𝑗 = 1, … , 𝑝. 

(1) 

For a partition 𝐶 =  {𝐶_1, . . . , 𝐶_𝐾}, the centroid of cluster k on feature j is defined by 
Equation (2). 

𝜇𝑘𝑗 =
1

𝑛𝑘
∑ 𝑧𝑖𝑗

𝑖∈𝐶𝑘

,  𝑛𝑘 = |𝐶𝑘|. 
(2) 

The classical K-Means baseline minimizes the total within-cluster sum of squares in the 
standardized feature space. 

𝐽KM(𝐶, 𝜇) = ∑ ∑ ∑(𝑧𝑖𝑗 − 𝜇𝑘𝑗)
2

𝑝

𝑗=1𝑖∈𝐶𝑘

𝐾

𝑘=1

. 
(3) 
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The proposed method modifies the distance calculation by assigning an adaptive weight to 
each feature. The weighted squared distance and the normalization constraint are defined 
as follows. The constraint keeps the average feature weight equal to one, so the method 
changes the relative contribution of features without changing the overall distance scale. 
 

𝑑𝑣(𝑧𝑖 , 𝜇𝑘) = ∑ 𝑣𝑗

𝑝

𝑗=1

(𝑧𝑖𝑗 − 𝜇𝑘𝑗)
2

,  𝑣𝑗 > 0, ∑ 𝑣𝑗

𝑝

𝑗=1

= 𝑝. 
(4) 

 
With fixed weights, the SDAW-K-Means objective can be written as Equation (5). The 
novelty is not only this weighted objective, but the rule used to update the weights from 
within-cluster dispersion. 
 

𝐽SDAW(𝐶, 𝜇, 𝑣) = ∑ ∑ ∑ 𝑣𝑗

𝑝

𝑗=1𝑖∈𝐶𝑘

𝐾

𝑘=1

(𝑧𝑖𝑗 − 𝜇𝑘𝑗)
2

. 
(5) 

 
At iteration 𝑡, cluster membership is updated by assigning each observation to the nearest 
weighted centroid. 
 

𝑐𝑖
(𝑡+1)

= arg min
1≤𝑘≤𝐾

𝑑𝑣(𝑡) (𝑧𝑖 , 𝜇𝑘
(𝑡)

). (6) 

 
After assignment, the centroid coordinates are re-estimated using the observations 
assigned to each cluster. Since each feature weight is positive and fixed within the centroid-
update step, the centroid remains the arithmetic mean of the standardized feature values in 
the corresponding cluster. 

𝜇𝑘𝑗
(𝑡+1)

=
∑ 𝟏𝑛

𝑖=1 (𝑐𝑖
(𝑡+1)

= 𝑘) 𝑧𝑖𝑗

∑ 𝟏𝑛
𝑖=1 (𝑐𝑖

(𝑡+1)
= 𝑘)

. 

(7) 

The adaptive component is then constructed from feature-wise within-cluster dispersion. A 
feature with smaller within-cluster dispersion indicates stronger within-cluster stability 
and is therefore given a larger weight in the next iteration. 

𝐷𝑗
(𝑡+1)

= ∑ ∑ (𝑧𝑖𝑗 − 𝜇𝑘𝑗
(𝑡+1)

)
2

𝑖:𝑐𝑖
(𝑡+1)

=𝑘

𝐾

𝑘=1

. 
(8) 

To prevent division by zero and to control numerical stability, a small positive constant 
epsilon is added before inversion. The preliminary inverse-dispersion weight is given by 
Equation (9). 

𝑣̃𝑗
(𝑡+1)

= (𝐷𝑗
(𝑡+1)

+ 𝜀)
−1

,   𝜀 > 0. 
(9) 

 
The preliminary weights are then normalized so that the sum of all feature weights is equal 
to p. 

𝑣𝑗
(𝑡+1)

=
𝑝𝑣̃𝑗

(𝑡+1)

∑ 𝑣̃ℓ
(𝑡+1)𝑝

ℓ=1

. 
(10) 

 
The iteration stops when the maximum absolute change in the feature weights is smaller 
than a predetermined tolerance delta, or when a maximum number of iterations is reached. 
 

max
1≤𝑗≤𝑝

|𝑣𝑗
(𝑡+1)

− 𝑣𝑗
(𝑡)

| < 𝛿. (11) 
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The final output of the proposed method is the cluster partition, the centroid matrix, and 
the feature-weight vector. Larger final weights indicate features that form more compact 
within-cluster structures under the SDAW-K-Means procedure. 
 

Table 2. Algorithm of SDAW-K-Means 
Step Procedure 

1 Standardize each feature using Equation (1). 

2 
Set the number of clusters K, initialize centroids, and set all initial feature weights 

equal to one. 

3 
Assign each observation to the closest centroid using the weighted distance in 

Equations (4) and (6). 

4 Update the centroid coordinates using Equation (7). 

5 Compute the feature-wise within-cluster dispersion using Equation (8). 

6 Update and normalize feature weights using Equations (9) and (10). 

7 
Repeat Steps 3-6 until the convergence rule in Equation (11) is satisfied or the 

maximum number of iterations is reached. 

 
Table 2 summarizes the implementation of the proposed method. The algorithm 

remains close to classical K-Means, but it adds a stability-dispersion feedback mechanism 
that updates feature weights after each clustering step. 

 
 

2 RESULTS AND DISCUSSION  
 

3.1 Description of the Research Data 
 

Table 3. Descriptive statistics of the Iris dataset 
Statistic sepal length (cm) sepal width (cm) petal length (cm) petal width (cm) 

Count 150.000 150.000 150.000 150.000 

Mean 5.843 3.057 3.758 1.199 

Std 0.828 0.436 1.765 0.762 

Min 4.300 2.000 1.000 0.100 

25% 5.100 2.800 1.600 0.300 

50% 5.800 3.000 4.350 1.300 

75% 6.400 3.300 5.100 1.800 

Max 7.900 4.400 6.900 2.500 

 

Table 3 summarizes the four morphological features. Differences in feature variation 
support the need for standardization before clustering. 
 

 
Figure 1. Silhouette values for candidate numbers of clusters 

 

Figure 1 helps justify the use of three clusters. Although the final choice also follows the known 
Iris structure, the silhouette plot gives an internal validation perspective. 
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3.2 Clustering Results 

 
Figure 2. Classical K-Means clusters in PCA space 

 
Figure 2 visualizes the classical K-Means partition after projecting the standardized data 
into two principal components. The plot is used for interpretation, not for fitting the 
clusters. 
 

 
Figure 3. SDAW-K-Means clusters in PCA space 

 

Figure 3 shows the proposed SDAW-K-Means partition in the same PCA space. Comparing 
Figures 2 and 3 helps readers see whether feature weighting changes the cluster structure. 
 

Table 4. Comparison of clustering performance 
Model Silhouette Adjusted Rand index Inertia 

Classical K-Means 0.4599 0.6201 139.8205 

SDAW-K-Means 

(proposed) 
0.4464 0.7592 69.0060 

 

Table 4 compares the two clustering methods using internal and external validation metrics. 
Silhouette measures compactness and separation, while adjusted Rand index measures 
agreement with the reference species labels. 
 

Table 5. Final feature weights from SDAW-K-Means 
Feature SDAW weight 

sepal length (cm) 0.3852 

sepal width (cm) 0.2093 

petal length (cm) 1.9965 

petal width (cm) 1.4090 

 

Table 5 reports the learned feature weights. Higher weights indicate features that 
contribute more strongly to compact cluster formation under the proposed method. 
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Figure 4. Feature-weight updates across iterations 

 
Figure 4 explains how the feature weights evolve during the SDAW iterations. Stable lines 
indicate convergence of the feature-importance structure. 
 

 
Figure 5. Adjusted Rand index comparison 

 

Figure 5 visualizes the external validation result. A higher adjusted Rand index indicates 
stronger agreement between the clustering output and the known species labels. 

3.3 Link with Previous Studies 
The proposed method is connected to the long history of K-Means development [1]-[4]. 

Its contribution is different from k-means++ because it does not focus on initialization; it 
focuses on feature contribution inside the distance calculation. The method is also related 
to feature-weighted and sparse clustering [18]. However, SDAW-K-Means is intentionally 
simpler. It does not require a sparsity penalty or an additional feature-selection tuning 
parameter. Its weights come directly from within-cluster dispersion. 

The Iris result is consistent with the known structure of the dataset: petal 
measurements often carry stronger species information than sepal measurements. The 
learned weights provide a transparent way to express this structure in the clustering model. 
Future studies should test SDAW-K-Means on high-dimensional data, mixed-scale data, 
noisy features, and imbalanced clusters. It should also be compared with k-means++, fuzzy 
c-means, Gaussian mixture models, spectral clustering, and robust clustering methods. 

3.4 Extended Methodological Review, Practical Implications, and Limitations 
A deeper reading of the proposed K-Means clustering development requires separating 

three layers: the classical statistical foundation, the adaptive component introduced in this 
article, and the empirical validation strategy. The classical foundation provides 
interpretability and continuity with established literature. The adaptive component is the 
actual methodological contribution. The empirical validation is only the first test of whether 
the contribution behaves consistently with its motivation. 

The first methodological strength of the proposed K-Means clustering extension is that 
it does not depend on a hidden black-box transformation. Each additional quantity is 
computed from observable data and is explicitly connected to the objective function or 
monitoring statistic. This matters in statistical research because a method that cannot be 
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audited mathematically is difficult to defend, even when it produces attractive numerical 
results. 

The second strength is reproducibility. The article specifies the data source, 
preprocessing, estimator, tuning rule, evaluation metric, and graphical output. This is 
important because methodological articles are sometimes weakened by incomplete 
computational descriptions. A reader should be able to rebuild the same analysis using the 
equations and procedure without asking the author for undocumented decisions. The 
proposed K-Means clustering method is also designed to be teachable. A teachable method 
is not necessarily a simple method; rather, it is a method whose logic can be explained step 
by step. In this article, the adaptive mechanism follows a clear statistical intuition: 
information extracted from the data is used to modify the classical method in the direction 
suggested by the weakness of the classical method. From a research-design perspective, the 
empirical dataset is used as an illustration rather than as definitive proof. This distinction 
prevents overgeneralization. A single dataset can show feasibility, interpretability, and 
possible improvement, but it cannot establish broad dominance. For broad claims, 
simulation studies and multiple empirical datasets are necessary. 

The role of the tables in this article is not merely decorative. Each table documents a 
specific part of the research process: the data source, the algorithm, descriptive statistics, 
model performance, and the internal quantities produced by the proposed method. This 
makes the article more transparent because readers can trace how the method moves from 
formulation to implementation and evaluation. The role of the figures is complementary. 
Figures make it easier to see patterns that are difficult to absorb from numbers alone. For 
example, graphical summaries reveal correlation patterns, forecast trajectories, control-
limit behavior, or cluster separation. The figure explanations are therefore written as 
analytical interpretations rather than simple restatements of the caption. A possible 
limitation of the proposed K-Means clustering method is the presence of additional tuning 
choices. Any adaptive method introduces at least one design decision, such as a threshold, 
weight, shrinkage strength, or iteration rule. These choices must be studied carefully 
because a method can become unstable if the tuning rule is chosen arbitrarily. Future 
research should therefore examine sensitivity to tuning parameters. 

Another limitation concerns data dependence. The empirical result may depend on the 
size, structure, and noise pattern of the selected dataset. For that reason, the article avoids 
claiming universal superiority. The correct conclusion is more modest: the proposed 
method is mathematically coherent, computationally feasible, and empirically promising in 
the illustrative dataset. A useful next step is simulation. Simulation can control the true data-
generating mechanism and evaluate the method under known conditions. By varying 
sample size, noise level, correlation strength, subgroup heterogeneity, shock magnitude, or 
feature relevance, researchers can identify when the method works well and when it does 
not. This type of evidence would strengthen the methodological claim. 

Another next step is comparison with competing modern methods. For K-Means 
clustering, classical competitors provide a baseline, but modern alternatives may perform 
better under certain conditions. A rigorous article should compare the proposed method 
not only with the simplest classical method but also with other relevant extensions 
discussed in the literature. The interpretation of improvement also needs care. 
Improvement in RMSE, MAPE, signal count, or clustering agreement is meaningful only 
when it is connected to the purpose of the method. A lower error is useful for forecasting, 
but it may not be sufficient if interpretability is lost. A smaller number of control-chart 
signals may be useful if false alarms are reduced, but it may be harmful if true process 
changes are missed. 

In the proposed K-Means clustering framework, interpretability is treated as part of 
methodological quality. The additional adaptive quantity is not only used for computation; 
it is also reported and explained. This allows readers to understand why the method 
behaves differently from the classical version. Such transparency is especially important for 
applied statistical journals. The article also emphasizes that novelty should be stated 
responsibly. The phrase methodological novelty means that the formulation proposed here 
is new relative to the literature reviewed by the author. It does not mean that no related 
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idea has ever existed. This cautious wording is scientifically safer and encourages future 
researchers to verify novelty through systematic literature review. For practical 
implementation, the proposed K-Means clustering method can be coded in common 
statistical software. Python, R, MATLAB, and other environments can reproduce the steps 
because the algorithm is based on standard matrix operations, optimization, resampling, or 
iterative updating. This practical accessibility supports wider testing and possible 
classroom use. 

Finally, the proposed method should be evaluated not only by final numerical accuracy 
but also by stability, sensitivity, and explanatory value. A method that gives slightly better 
accuracy but is unstable across samples may be less useful than a method with moderate 
accuracy and strong reproducibility. Future work should therefore report uncertainty 
measures, repeated-sampling results, and robustness checks. 

 
Table 6. Methodological review map for the proposed K-Means clustering method 
Aspect Role in the proposed method 

Classical foundation Maintains continuity with established statistical theory and notation. 

Adaptive component 
Introduces a data-driven modification to address a specific weakness 
of the classical method. 

Empirical validation 
Demonstrates feasibility and initial performance using a public 
dataset. 

Interpretability 
Reports internal quantities so that the proposed mechanism can be 
explained. 

Future validation Requires simulation, broader datasets, and sensitivity analysis. 
 

Table 6 summarizes how the article positions the proposed method. The table clarifies that 
novelty, validation, and limitations are treated as separate but connected components of the 
research design. 

 

 

4. CONCLUSION  
 

This article proposed SDAW-K-Means, a feature-weighted extension of classical K-
Means based on within-cluster dispersion. The method learns feature weights during 
clustering, allowing informative features to contribute more strongly to the distance 
calculation. The Iris dataset illustration shows that the method yields interpretable feature 
weights and competitive clustering results. Future research should investigate convergence 
properties, simulation performance, robust variants, automatic K selection, and 
applications in high-dimensional statistical and machine-learning problems. Future 
research on the proposed K-Means clustering method should focus on systematic 
simulation studies, evaluation using multiple public datasets, and the reporting of 
uncertainty and stability measures through repeated splits, bootstrap validation, cross-
validation, and sensitivity analysis. Future studies should also compare the method with 
classical baselines, modern extensions, robust alternatives, and relevant machine-learning 
methods, while providing reusable software implementation with clear input, output, and 
parameter definitions. In addition, theoretical properties, interpretability, reporting 
standards, robustness under unfavorable conditions, and connections to real-world 
substantive problems should be further investigated to strengthen the validity, 
reproducibility, and practical usefulness of the proposed method. 
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