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 This article proposes Drift-Adaptive Non-Crossing Quantile Regression 

(DAN-CQR), a methodological framework for modeling conditional 

distributions under nonstationary and tail-sensitive data. Conventional 

quantile regression can describe heterogeneous effects across the response 

distribution, but it often treats all observations as equally relevant, may 

produce crossing quantile curves, and usually relies on global conformal 

corrections that are less efficient under distributional drift and local 

heteroscedasticity. DAN-CQR integrates four components: memory-

weighted composite quantile loss, residual-adaptive robustness, non-

crossing rearrangement, and local conformal calibration. A simulation 

study with nonlinear structure, heteroscedasticity, heavy-tailed 

asymmetric errors, outliers, and regime changes was conducted to assess 

its behavior. The preliminary results show that DAN-CQR achieves 

calibrated coverage of 0.950 with a narrower average interval width of 

11.460 and lower median absolute error than the global conformalized 

linear and polynomial quantile regression baselines. These findings 

suggest that the proposed framework can provide coherent quantile 

estimates and adaptive prediction bands for dynamic data. The method 

offers a promising direction for robust and interpretable distributional 

regression in economics, finance, environmental risk, health, education, 

and public policy. 
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1. INTRODUCTION 

Classical regression is built around the conditional mean. This is useful when the 

analyst is primarily interested in the average response and when the conditional 

distribution is sufficiently summarized by a single center. In many modern data 

problems, however, the average is not the most informative target. A policy intervention 

may change the lower tail more than the upper tail, a financial variable may be calm near 

the median but unstable at the extreme quantiles, and an environmental process may 

exhibit nonlinear behavior only when rainfall, temperature, or pollution becomes severe. 

Quantile regression, introduced by Koenker and Bassett [1] and later developed into a 

broad statistical framework [2]–[4], answers this need by modeling conditional quantiles 

rather than only conditional means. 

The conceptual strength of quantile regression lies in its ability to describe 

heterogeneous effects. A covariate can have a small effect on the median but a substantial 

effect on the 0.90 or 0.95 conditional quantile. This feature makes quantile regression 

attractive in econometrics, finance, environmental statistics, education, public health, 

actuarial science, and machine learning. Extensions have appeared in Bayesian inference 

[5], longitudinal data [6], censored responses [7], random forests [8], high-dimensional 

sparse modeling [9], composite estimation [10], vector-valued outcomes [20], and 

nonparametric or neural-network settings [18], [19], [23], [29]. These developments 

demonstrate that quantile regression is no longer only an alternative to least squares; it 

has become a distributional learning principle. 

Despite the maturity of the field, important difficulties remain when quantile 

regression is applied to data that evolve over time. First, nonstationary data streams 

often experience distributional drift. Parameters that were relevant in older observations 

may become less relevant after a structural change, crisis period, policy shift, seasonal 

transition, or technological change. Quantile autoregression [22] and piecewise quantile 

modeling have addressed dependence and structural shifts, but many applied users still 

estimate quantiles as though all observations have equal relevance. Second, separately 

estimated quantiles can cross, violating the basic monotonicity requirement that a lower 

quantile should not exceed a higher quantile. Rearrangement [11], constrained 

estimation [12], and monotone neural architectures [18], [19] help to repair this issue, yet 

these solutions are often treated separately from drift adaptation. 

Third, uncertainty statements based only on estimated quantiles may be poorly 

calibrated. Conformalized Quantile Regression (CQR) combines quantile regression and 

conformal prediction to provide distribution-free finite-sample coverage under 

exchangeability [16], [17]. However, the usual split conformal correction applies a global 

adjustment to all future observations. Under local heteroscedasticity and distributional 

drift, a global correction may over-cover in stable regions and under-cover in unstable 

regions. This motivates a framework in which quantile regression, non-crossing 

structure, memory weighting, and local calibration are combined within a single 

methodology. 

This paper introduces Drift-Adaptive Non-Crossing Quantile Regression (DAN-

CQR). The proposed method is designed as a research contribution for settings where 

the conditional distribution changes over time and where tail behavior is important. The 

core idea is simple: estimate several quantiles jointly with a composite loss, assign larger 

weights to observations that are more relevant to the current distribution, downweight 

extreme historical anomalies, repair quantile crossing by monotone rearrangement, and 

calibrate prediction intervals locally using conformal scores. The proposed framework 
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is therefore positioned at the intersection of robust regression, distributional forecasting, 

non-crossing quantile estimation, and conformal predictive inference. 

The novelty of DAN-CQR is the integration of four components that are usually 

treated separately: a drift-sensitive memory mechanism, a multi-quantile objective, 

monotonic quantile ordering, and local conformal calibration. The intended contribution 

is methodological rather than purely computational. It provides a coherent way to think 

about quantile regression when the target distribution is not fixed but moves through 

time. The remainder of this article is organized as follows. Section 2 presents the 

theoretical basis and the proposed framework. Section 3 explains the simulation design 

and evaluation metrics. Section 4 discusses the results, interpretation, and research 

implications. Section 5 concludes with limitations and future development paths. 

 

2. METHOD 
 

2.1. Quantile Regression as Distributional Modeling 

Let Y be a response variable and X be a vector of covariates. For a quantile level τ 

in (0,1), the conditional quantile function is defined as Q_Y(τ|X=x)=inf{y:F_Y(y|x)>=τ}. 

Quantile regression estimates this conditional quantile by minimizing the asymmetric 

absolute loss, commonly called the pinball or check loss. For a linear specification 

Q_Y(τ|X=x)=x'β(τ), the estimator is obtained by solving the optimization problem in 

Equation (1). 

𝛃̂(𝜏) = arg min
𝛃

∑ 𝜌𝜏

𝑛

𝑖=1

(𝑦𝑖 − 𝐱𝑖
⊤𝛃) 

𝜌𝜏(𝑢) = 𝑢{𝜏 − 𝟏(𝑢 < 0)} 

(1) 

The check loss assigns different penalties to positive and negative residuals, thereby 

forcing the fitted curve to represent the desired conditional quantile. When τ=0.5, the 

method corresponds to median regression. When τ is close to 0 or 1, it targets the lower 

or upper tail. This makes the method robust and informative for asymmetric 

distributions, extreme events, and heterogeneous effects [1]–[4]. 

 

2.2. Why a New Development is Needed 

The classical formulation assumes that the sample is informative for a fixed target 

distribution. This assumption becomes fragile when the distribution shifts. For example, 

observations before a crisis may not carry the same inferential relevance as observations 

after a crisis. A fixed sample objective can blur old and new regimes, especially at the 

tails where data are sparse. In addition, fitting quantiles independently can create 

crossing curves, while a globally calibrated interval may ignore local changes in 

dispersion. These weaknesses are not merely technical; they affect interpretation. If the 

0.90 quantile falls below the 0.50 quantile, the estimated distribution is incoherent. If the 

interval is calibrated globally but miscalibrated locally, decision makers may 

underestimate risk in precisely the regions where risk matters most. 

Table 1 summarizes several major developments in quantile regression and 

identifies the gap targeted by DAN-CQR. The table is not intended to diminish previous 

contributions. Rather, it shows that the literature has produced strong solutions for 

specific problems, while the joint problem of drift, non-crossing structure, outlier-

resilient memory, and local calibration remains a promising direction for further 

development. 

 



30 
 

Table 1. Positioning of DAN-CQR within selected quantile regression developments 

S Key contribution 
Remaining gap addressed 

here 

Classical quantile 

regression [1]–[4] 

Models conditional 

quantiles using the check 

loss. 

Does not explicitly adapt to 

distributional drift or interval 

calibration. 

Bayesian quantile 

regression [5] 

Provides posterior inference 

via asymmetric Laplace 

working likelihood. 

Requires likelihood and prior 

choices; drift and non-

crossing are not automatic. 

Longitudinal/censored 

quantile models [6], 

[7] 

Extends QR to repeated 

measures and survival-type 

responses. 

Focuses on data structure 

rather than streaming 

distributional change. 

High-dimensional and 

composite QR [9], [10] 

Improves selection and 

efficiency across many 

predictors or quantiles. 

Needs additional structure 

for temporal drift and 

calibrated prediction bands. 

Non-crossing QR [11], 

[12], [18], [19] 

Repairs or prevents invalid 

crossing among quantile 

curves. 

Often separated from local 

conformal calibration and 

adaptive memory. 

Conformalized QR 

[16], [17] 

Delivers finite-sample 

marginal coverage under 

exchangeability. 

Global correction can be 

inefficient under drift or local 

heteroscedasticity. 

DAN-CQR (proposed) Combines memory 

weighting, non-crossing 

quantiles, and local 

conformal correction. 

Requires further theoretical 

development under 

dependent nonstationary 

data. 

 

2.3. Memory-Weighted Composite Quantile Objective 

 

DAN-CQR begins with a set of quantile levels 𝑇 =  {𝜏_1, . . . , 𝜏_𝐾}, where 0 < 𝜏_1 <

. . . < 𝜏_𝐾 < 1. Instead of estimating each quantile completely independently, the method 

considers a composite quantile objective. The composite structure shares information 

across quantile levels, while still allowing each quantile to have its own coefficient 

vector. To make the estimator responsive to distributional drift, each observation 

receives a memory weight 𝑤_𝑖. The weight has two components: a recency component 

and an anomaly component. 

𝑤𝑖 = exp{−𝛾(𝑛 − 𝑖)} [1 + (
𝑟𝑖

𝑐MAD𝑟
)

2

]

−1

 (2) 

In Eq. (2), γ controls the rate of forgetting, r_i is a preliminary residual, MAD_r is 

a median absolute deviation scale, and c is a robustness constant. The first term gives 

more influence to recent observations, while the second term prevents a historical outlier 

from dominating the objective. This does not mean that old data are discarded. Rather, 

old data remain useful when they are consistent with the current distribution, but they 

are treated cautiously when the distribution has changed. The proposed weighted 

composite objective is written in Eq. (3). 
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ℒ(𝛃1, … , 𝛃𝐾) = ∑ ∑ 𝑤𝑖

𝐾

𝑘=1

𝑛

𝑖=1

𝜌𝜏𝑘
(𝑦𝑖 − 𝐱𝑖

⊤𝛃𝑘) 

+𝜆𝑠 ∑ ∥

𝐾

𝑘=2

𝛃𝑘 − 𝛃𝑘−1 ∥2
2 

+𝜆𝑚 ∑ ∑ 𝑚𝑖𝑘
2

𝐾−1

𝑘=1

𝑛

𝑖=1

 

𝑚𝑖𝑘 = max{𝐱𝑖
⊤(𝛃𝑘 − 𝛃𝑘+1), 0} 

(3) 

The first term is the weighted composite quantile loss. The second term encourages 

smooth changes in coefficients across adjacent quantiles. The third term penalizes 

crossing, where [a]_+=max(a,0). This penalty does not need to be the only mechanism for 

non-crossing; DAN-CQR also uses monotone rearrangement after estimation to ensure 

ordered predictions. The advantage of this two-layer structure is practical: a soft penalty 

reduces crossing during estimation, while rearrangement guarantees coherent final 

quantile ordering. 

 

2.4. Local Conformal Calibration 

Prediction bands obtained from the raw lower and upper quantiles may fail to 

attain the desired coverage. A conformal correction uses a calibration set to compute 

nonconformity scores. For an 80% predictive band based on τ_L=0.10 and τ_U=0.90, the 

score for calibration observation i is defined as Eq. (4). 

𝑠𝑖 = max{𝑞𝐿(𝐱𝑖) − 𝑦𝑖 ,  𝑦𝑖 − 𝑞𝑈(𝐱𝑖)} (4) 

A standard CQR procedure adds a global empirical quantile of the scores to the 

lower and upper fitted quantiles [16]. DAN-CQR modifies this idea by using a local 

weighted quantile of calibration scores. For a new point x_0, nearby calibration 

observations receive larger weights than distant ones, and recent observations can 

receive additional importance if the data are ordered in time. The corrected interval is 

given by Eq. (5). 

𝐶𝛼(𝐱0) = [𝑞𝐿(𝐱0) − 𝑞𝛼(𝐱0), 𝑞𝑈(𝐱0) + 𝑞𝛼(𝐱0)] (5) 

where q_α(x_0) is the local weighted empirical quantile of the calibration scores. 

This step is designed to reduce unnecessary interval inflation in stable regions while 

maintaining protection in unstable regions. Because local conformal calibration is more 

adaptive than global calibration, its formal guarantee requires careful conditions. In this 

article, the method is treated as a practical and theoretically motivated extension that 

should be studied further under dependent and nonstationary samples. 

 

2.5. Algorithmic Summary 

The proposed procedure can be implemented with standard optimization tools. 

For linear specifications, the weighted check loss can be optimized by linear 

programming, interior-point algorithms, or smooth approximations. For nonlinear 

specifications, gradient-based algorithms can be used after smoothing the pinball loss, 

as in recent convolution-smoothed quantile regression studies [14], [15]. Fig. 1 presents 

the general workflow, and Table 2 summarizes the algorithm. 
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Figure 1. General workflow of DAN-CQR 

Table 2. Pseudocode of the proposed DAN-CQR framework 

Step Procedure 

1 Choose quantile levels T={τ_1,...,τ_K}, a basis representation for X, and tuning 

parameters γ, λ_s, and λ_m. 

2 Fit a preliminary median model and compute residual scale using the median 

absolute deviation. 

3 Construct memory weights from recency and residual-adaptive anomaly factors. 

4 Estimate all quantile curves by minimizing the weighted composite quantile 

objective. 

5 Apply non-crossing rearrangement to the predicted quantiles for every 

observation. 

6 Compute calibration scores from a holdout calibration set. 

7 For each new point, compute a local weighted conformal correction and form the 

calibrated interval. 

8 Evaluate coverage, interval width, median absolute error, and crossing frequency. 

 

3. METHOD 

3.1. Research Design 

This article uses a methodological research design. The objective is to formulate a 

new quantile regression framework and evaluate its behavior in a controlled simulation. 

The simulation is deliberately designed to include four challenges: nonlinearity, 

heteroscedasticity, heavy-tailed errors, and regime change. These properties are often 

encountered in economic growth, exchange rates, rainfall intensity, health expenditures, 

educational performance, and digital platform data. A synthetic design is useful because 

the true data-generating mechanism is known, allowing the analyst to assess whether a 

method reacts sensibly to drift and tail instability. 

The sample size is n = 620. The first 420 observations are used for model fitting, the 

next 100 observations for calibration, and the final 100 observations for testing. The 

response is generated from a nonlinear mean structure, a variance function that increases 

with both the covariate and the regime, and a heavy-tailed asymmetric error term. A 

small proportion of historical observations is contaminated by large disturbances to 

mimic outliers. The general form is described in Eq. (6). 

𝑦𝑡 = 0.4 + (1.1 + 0.45𝑅𝑡)𝑥𝑡 − 0.6𝑥𝑡
2 + 0.8 (

𝑡

𝑛
) + 𝜎𝑡𝜀𝑡 (6) 
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The regime indicator R_t changes twice across the sample. The scale σ_t depends 

on |x_t|, the regime, and the positive part of x_t. The error ε_t follows a heavy-tailed 

asymmetric mixture. This design creates a situation in which old observations are 

informative but not equally relevant to future observations. It is therefore appropriate 

for testing a drift-adaptive quantile approach. 

 

3.2. Competing Methods 

Three methods are compared. The first is conventional linear quantile regression 

using the covariate x. The second is polynomial quantile regression using x and x^2. The 

third is the proposed DAN-CQR implementation using polynomial terms, a time index, 

an interaction between x and time, memory weighting, monotone rearrangement, and 

local conformal calibration. The comparison is intentionally modest. It is not meant to 

prove universal superiority; rather, it provides an initial diagnostic illustration of 

whether the proposed components behave in the expected direction. 

For all methods, lower, median, and upper quantiles are estimated at τ=0.10, 0.50, 

and 0.90. For interval evaluation, an 80% prediction band is formed from the lower and 

upper quantiles and then conformalized. The linear and polynomial baselines use a 

global conformal correction. DAN-CQR uses a local weighted correction based on 

similarity in the covariate-time space. This distinction reflects the main idea of the 

proposal: the correction should be allowed to vary when the distribution varies. 

 

3.3. Evaluation Criteria 

The evaluation uses four metrics. Raw coverage is the proportion of test 

observations falling inside the uncalibrated quantile band. Calibrated coverage is the 

same proportion after conformal adjustment. Average width measures the mean length 

of the calibrated interval; smaller width is preferred when coverage is adequate. Median 

absolute error (MAE) measures the accuracy of the fitted median quantile. Crossing 

frequency records the proportion of test points at which the estimated lower quantile 

exceeds the median or the median exceeds the upper quantile. A useful method should 

provide adequate coverage, reasonable interval width, accurate median estimation, and 

zero or near-zero crossing frequency. 

The simulation is reproducible in principle because all mechanisms are fully 

specified. In an empirical article, the proposed framework can be tested using repeated 

Monte Carlo replications and real data from areas where distributional changes are 

meaningful. Examples include inflation forecasting, regional poverty modeling, flood-

risk prediction, energy demand, credit risk, and infectious disease burden. 

 

4. RESULTS AND DISCUSSION 
 

4.1. Preliminary Simulation Results 

Table 3 presents the preliminary simulation results. The proposed DAN-CQR 

method obtains calibrated coverage of 0.95, close to the desired 0.90 to 0.95 range for an 

80% nominal band under difficult nonstationary data. More importantly, its average 

calibrated interval width is 11.460, which is shorter than the global conformalized linear 

and polynomial alternatives. The median MAE is also slightly smaller. These results 

indicate that local conformal correction can reduce unnecessary interval expansion when 

the calibration scores vary across the covariate-time space. 
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Table 3. Preliminary simulation results under heavy-tailed nonstationary data 

Method 
Raw 

coverage 
Raw 

width 
Calibrated 
coverage 

Calibrated 
width 

Median 
MAE 

Crossing 

Linear QR + CQR 0.650 4.456 0.960 14.065 2.147 0.000 
Polynomial QR + 
CQR 

0.610 4.394 0.960 13.446 2.239 0.000 

DAN-CQR 0.640 4.123 0.950 11.460 2.125 0.000 

 

The raw intervals are too narrow for all methods, as shown by raw coverage values 

between 0.61 and 0.65. This is expected under heavy-tailed errors and distributional 

drift. After calibration, all methods achieve high coverage. The difference lies in interval 

efficiency. The global conformal corrections inflate the intervals substantially because 

the same correction is applied to all test points. In contrast, DAN-CQR uses local 

calibration scores, allowing larger corrections where the data are unstable and smaller 

corrections where the local distribution is more predictable. 

 

Figure 2. DAN-CQR calibrated prediction band on the simulated test segment 

 

4.2. Interpretation of the Proposed Components 

The memory-weighted component is useful when the analyst believes that recent 

observations represent the current distribution better than distant observations. This is 

common in macroeconomic and financial time series, but it also appears in social 

indicators, environmental monitoring, and digital behavior data. The residual-adaptive 

part of the weight protects the model from treating an isolated historical anomaly as a 

permanent structural feature. In practical terms, this component asks whether an 

extreme point is a signal of a new distribution or merely a past disturbance. The 

distinction is crucial for tail estimation. 

The non-crossing component is not only a cosmetic correction. Quantile ordering 

is a mathematical property of any valid conditional distribution. When crossing occurs, 

the resulting estimates cannot be interpreted as a distribution. Rearrangement methods 

provide a simple and powerful remedy [11], while constrained and neural approaches 

can enforce monotonicity more directly [12], [18], [19]. DAN-CQR uses this principle as 

a mandatory coherence step. Even when crossing does not appear in a particular sample, 

the model architecture should still protect against it. The local conformal component 

addresses a different problem: interval validity and usefulness. A global conformal 

correction has an attractive marginal guarantee under exchangeability, but it can be 

inefficient when uncertainty is not uniform. The local correction in DAN-CQR is 

designed for contexts where heteroscedasticity and drift are expected. It should be 
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interpreted as a practical adaptive calibration procedure. Its formal theoretical 

guarantees under nonstationary dependence require additional research, but the idea is 

consistent with the broader movement toward adaptive distribution-free inference [16], 

[17]. 

 

4.3. Methodological Contribution 

The main contribution of DAN-CQR is to reposition quantile regression as a 

dynamic distributional learning tool. In conventional use, the analyst chooses several τ 

values, estimates the corresponding conditional quantiles, and interprets heterogeneous 

effects. In the proposed framework, the analyst additionally asks four questions. Which 

observations are currently relevant? Are the quantile curves logically ordered? Are the 

prediction bands calibrated? Does calibration vary across the input space? These 

questions move quantile regression from static description toward adaptive decision 

support. 

The framework is especially promising for data-rich institutions that monitor risk 

over time. In public policy, it can help identify whether vulnerable groups occupy the 

lower tail of an outcome distribution and whether that tail changes after policy 

implementation. In finance, it can be used to update tail-risk bands when market 

volatility changes. In environmental statistics, it can describe rainfall or pollution 

extremes under seasonal and climate-related shifts. In education and health, it can reveal 

how interventions affect lower-performing or high-risk groups differently from average 

individuals. In each case, the quantile perspective is valuable because the question is not 

merely what happens on average, but what happens across the distribution. 

The proposed method also provides a bridge between classical statistics and 

machine learning. The check-loss objective and interpretability of coefficients come from 

statistical modeling. The non-crossing and local calibration ideas connect to modern 

predictive distribution learning. The memory mechanism resembles online learning and 

adaptive filtering. This bridge is important because many applied researchers need 

interpretable models, while many machine-learning applications require calibrated 

uncertainty. DAN-CQR offers a shared language between these needs. 

 

4.4. Limitations and Future Development 

This paper should be read as a methodological proposal and a preliminary 

illustration. Several limitations remain. First, the simulation is intentionally limited to a 

single data-generating mechanism. A stronger validation should include multiple 

scenarios, different drift patterns, varying sample sizes, stronger outliers, and real data 

applications. Second, the local conformal correction is adaptive, but its theoretical 

coverage under dependent nonstationary data is not as immediate as the 

exchangeability-based guarantee of standard conformal prediction. Third, the choice of 

memory parameter, robustness constant, and locality bandwidth affects performance 

and should be selected by principled validation criteria. 

Future research can develop asymptotic theory for DAN-CQR under locally 

stationary processes, establish finite-sample conservative variants of local conformal 

calibration, and extend the framework to high-dimensional or multivariate responses. 

Another direction is to combine DAN-CQR with state-space models, Markov switching 

models, or Bayesian dynamic priors. Such integration would be useful when 

distributional drift follows latent regimes rather than smooth temporal change. Finally, 
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open-source software is needed so that applied users can implement the method 

reproducibly. 

 

3.4. Tuning Strategy and Diagnostic Protocol 

DAN-CQR contains several tuning parameters, but each has an interpretable role. 

The memory parameter γ regulates the rate at which the influence of older observations 

declines. A small γ produces a slowly adapting model, while a large γ makes the model 

more sensitive to recent observations. In practice, γ should not be chosen only by 

minimizing median prediction error. A model with excellent median accuracy can still 

fail at the tails. Therefore, the proposed tuning strategy evaluates a composite criterion 

consisting of pinball loss, interval score, empirical coverage deviation, and crossing 

frequency. The interval score is useful because it rewards narrow intervals only when 

they cover the observation and penalizes intervals that miss the target. This prevents the 

analyst from choosing a model that is artificially narrow but unreliable. 

The robustness constant c controls how strongly historical anomalies are 

downweighted. When c is too small, the method may treat genuine structural changes 

as outliers and remove useful information. When c is too large, extreme observations 

may dominate the estimated tail. A practical recommendation is to begin with c between 

3 and 5 and then assess the stability of estimated quantile curves. If upper-tail curves 

become excessively volatile after one or two extreme observations, stronger 

downweighting may be justified. If the model fails to react after a known structural 

change, weaker downweighting or a larger recency effect may be more appropriate. This 

diagnostic process is consistent with the purpose of robust statistics: not to ignore 

extremes automatically, but to examine whether the extremes represent signal or noise. 

The smoothing penalty λ_s and the crossing penalty λ_m have different functions. 

The smoothing penalty stabilizes adjacent quantile coefficients, especially when the 

number of quantile levels is large. The crossing penalty discourages the fitted lower 

quantile from exceeding a higher quantile at the observed design points. These penalties 

can be selected by a validation procedure that prioritizes interval calibration and 

monotonicity. However, the final non-crossing rearrangement should still be applied 

because soft penalties may reduce crossing without completely eliminating it. The 

combined use of penalty and rearrangement is deliberate: the penalty improves 

estimation stability, while rearrangement ensures distributional coherence in the final 

output. 

The local conformal bandwidth determines how much of the calibration set 

influences the correction for a new observation. A very small bandwidth can produce 

unstable corrections because too few calibration points are effectively used. A very large 

bandwidth approaches the global conformal correction and may lose adaptiveness. One 

useful diagnostic is to plot the local correction q_α(x) against time or a key predictor. If 

the correction fluctuates excessively, the bandwidth is too small. If the correction is 

nearly constant despite known heteroscedasticity, the bandwidth is too large. The 

bandwidth should therefore be selected jointly with the memory parameter rather than 

independently. 

A complete diagnostic protocol for DAN-CQR should include at least five plots: 

estimated quantile curves over time, crossing-frequency summaries before and after 

rearrangement, calibration-score distributions, empirical coverage by subgroup or time 

block, and interval width by time block. These diagnostics are important because 
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average performance can hide local failure. For example, a model may have 90% overall 

coverage but only 70% coverage in a high-risk subgroup. Since quantile regression is 

often used precisely to study heterogeneous risk, local diagnostic checks are not optional 

but central to the method. 

 

3.5. Reproducibility and Computational Notes 

The computational burden of DAN-CQR depends on the number of observations, 

the number of predictors, and the number of quantile levels. For moderate data, the 

weighted composite objective can be solved by standard convex optimization methods. 

For large data, the check loss can be replaced by a smooth approximation, following the 

logic of convolution-smoothed quantile regression [14], [15]. Smoothing does not change 

the conceptual target of quantile regression; rather, it improves numerical stability by 

replacing the nondifferentiable kink of the check loss with a differentiable surrogate. 

This is particularly useful when DAN-CQR is implemented with gradient-based 

optimization or neural-network architectures. 

The method can be implemented in a rolling or expanding window. In a rolling 

window, the oldest observations are removed completely after a fixed period. In an 

expanding window, all observations remain available but receive different memory 

weights. DAN-CQR is closer to the expanding-window philosophy because it does not 

discard history. Instead, it assigns less influence to old observations when the current 

distribution appears different. This is useful in disciplines where historical information 

still carries structural meaning, such as economic growth, long-term climate records, or 

institutional indicators. The memory weight is therefore a compromise between 

forgetting and learning. Reproducibility requires reporting the quantile levels, basis 

functions, memory parameter, robustness constant, penalty values, calibration split, 

local bandwidth, and random seed when simulation is used. In empirical applications, 

authors should also report whether tuning was performed before or after the test period 

was defined. This matters because prediction interval assessment can be biased if 

information from the test set is used to tune the calibration procedure. A transparent 

workflow separates training, calibration, and testing. For time-ordered data, the split 

should preserve temporal order to avoid information leakage from the future into the 

past. 

The proposed method is compatible with interpretable linear bases as well as 

flexible machine-learning bases. A statistician may use polynomial, spline, or interaction 

terms to preserve interpretability. A machine-learning user may use random forests, 

gradient boosting, or neural networks as base quantile learners and then add non-

crossing and local conformal components. This flexibility is an advantage, but it also 

requires discipline. The more flexible the base learner, the more important the calibration 

and diagnostic stages become. A flexible model can fit complex patterns, but it can also 

overfit local noise in the tails. 

 

4.5. Theoretical Insight 

The first theoretical question is Fisher consistency. If the memory weights are fixed 

and positive, minimizing the weighted expected check loss targets the weighted 

conditional quantile associated with the weighted data-generating distribution. Under a 

stable distribution, equal weights recover the classical conditional quantile. Under 

distributional drift, the weighted target can be interpreted as the current or locally 
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relevant conditional quantile. This interpretation is important because DAN-CQR 

intentionally changes the target from a historical unconditional sample quantile to a 

present-oriented conditional quantile. The target is not wrong; it is different and should 

be stated explicitly. The second theoretical question concerns monotonicity. A valid 

quantile process must be nondecreasing in τ for every fixed covariate value. If 

q(τ_1|x)>q(τ_2|x) for τ_1<τ_2, then the estimated object cannot represent a conditional 

distribution. Rearrangement solves this problem by sorting estimated quantiles across τ. 

Chernozhukov et al. [11] show that rearrangement can improve monotone function 

estimation under broad conditions. In DAN-CQR, rearrangement is treated as a final 

coherence operation. The crossing penalty in the objective reduces the burden on this 

final step, but the final step remains necessary for strict interpretability. 

The third theoretical question is coverage. Classical split conformal prediction 

provides finite-sample marginal coverage under exchangeability [17]. DAN-CQR 

modifies the correction by using local weights. This improves adaptiveness but 

complicates exact finite-sample validity. A conservative version of DAN-CQR could 

combine local and global corrections by taking the maximum of the two. This would 

preserve more protection but might produce wider intervals. Another possible research 

path is to derive coverage under local stationarity, where observations close in time and 

covariate space are approximately exchangeable. Such theory would be highly valuable 

for time series and streaming data applications. The fourth theoretical question is 

robustness. Quantile regression is already more robust than least squares because it uses 

an asymmetric absolute loss rather than squared loss. However, tail quantiles can still be 

sensitive to extreme contamination, especially when sample sizes in the tail are small. 

The residual-adaptive weight in DAN-CQR adds another layer of protection. It does not 

eliminate the influence of extreme observations; it moderates their contribution based 

on a robust residual scale. This distinction is essential. Tail events should not be ignored, 

but single-point distortions should not be allowed to define the entire tail model. The 

final theoretical question is interpretability of coefficients across quantiles. In a linear 

quantile model, β_j(τ) describes how the τ-th conditional quantile changes with the j-th 

covariate. In DAN-CQR, the interpretation remains similar but becomes local in time 

and distributional relevance. A coefficient estimated with strong memory weighting 

should be interpreted as the effect on the current or recent conditional quantile, not the 

effect averaged over all historical regimes. This interpretation aligns well with decision-

making contexts where the present risk profile is more important than the average 

behavior across a long historical period. 

 

4.6. Practical Applications 

In economic growth modeling, the lower tail of growth may represent recession 

risk, while the upper tail may represent expansion potential. A mean regression model 

can miss these asymmetric dynamics. DAN-CQR can be used to estimate conditional 

growth quantiles that adapt after crises, policy interventions, or structural breaks. For 

example, after a pandemic or financial shock, older observations may remain 

informative but should not dominate the current lower-tail risk estimate. A memory-

weighted quantile model provides a natural way to handle this situation. 

In exchange-rate and stock-market analysis, tail behavior is often more important 

than average behavior. Investors and policymakers may care about the probability of 

extreme depreciation, large losses, or unusually high volatility. Quantile regression has 

long been used in risk measurement, but nonstationarity remains a challenge. DAN-
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CQR can be used to construct adaptive quantile bands for value-at-risk type analysis, 

especially when combined with rolling calibration. The non-crossing component ensures 

that risk curves remain coherent, while the local conformal step provides empirical 

calibration of uncertainty. In rainfall and flood-risk modeling, the upper tail is often the 

scientific target. Heavy rainfall events may be rare but consequential. Standard models 

can underestimate the upper tail if they focus on mean rainfall or if they assume stable 

variance. A drift-adaptive quantile approach can update upper-tail estimates as climate 

patterns, land use, or seasonal dynamics change. The method is also useful for 

communicating risk because prediction intervals are easier for nontechnical stakeholders 

to understand than full parametric distribution assumptions. 

In educational and health studies, heterogeneous effects are central. A learning 

intervention may benefit low-performing students more than high-performing students, 

or a health policy may reduce extreme expenditures while leaving median expenditures 

unchanged. Quantile regression provides a direct framework for studying such 

distributional effects. DAN-CQR adds value when data are collected repeatedly over 

time, for example across semesters, school years, hospital periods, or regional reporting 

cycles. The memory mechanism can adapt to curriculum changes, policy reforms, or 

changes in population composition. In official statistics and public-sector dashboards, 

the method can support distribution-sensitive monitoring. A dashboard that reports 

only average income, average expenditure, or average service quality may hide 

inequality. Quantile indicators can reveal whether improvements occur at the bottom, 

middle, or top of the distribution. When the data arrive sequentially, DAN-CQR can 

update these indicators without treating all historical periods as equally relevant. This 

makes the method suitable for statistical literacy programs that emphasize critical 

thinking about data rather than mere numerical summaries. 

 

4.7. Comparison with Adjacent Frameworks 

Compared with quantile random forests [8], DAN-CQR is more explicitly oriented 

toward temporal relevance and calibration. Quantile forests estimate conditional 

distributions nonparametrically and often avoid crossing because quantiles are derived 

from an estimated conditional distribution. However, the standard forest framework 

does not automatically emphasize recent observations or provide conformal correction 

tailored to local drift. DAN-CQR can use a forest as a base learner, but the distinctive 

contribution is the adaptive weighting and calibration layer. Compared with Bayesian 

quantile regression [5], DAN-CQR does not require the analyst to adopt a full likelihood 

model. Bayesian approaches are powerful because they provide posterior uncertainty 

and hierarchical structures, but the asymmetric Laplace likelihood is often used as a 

working likelihood rather than a literal data-generating distribution. DAN-CQR is more 

loss-based and calibration-based. A future Bayesian version could place priors on 

dynamic quantile coefficients and then use conformal correction as a post-processing 

step. 

Compared with deep quantile regression [18], [19], [29], DAN-CQR is less 

dependent on high-capacity function approximators. Deep models are useful for 

complex nonlinear data, images, text, and large-scale forecasting. However, they can be 

difficult to interpret and may require careful monotonicity constraints. DAN-CQR can 

be implemented with simple basis functions when interpretability is required, or with 

deep models when flexibility is more important. The framework is therefore model-

agnostic: it defines what must be controlled, not only which algorithm must be used. 
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Compared with standard conformalized quantile regression [16], DAN-CQR 

changes the calibration philosophy. Standard CQR applies a global score correction and 

is attractive because of its finite-sample marginal guarantee. DAN-CQR uses local 

corrections to improve interval efficiency under heteroscedasticity and drift. This shift 

creates a trade-off between formal simplicity and local adaptiveness. The practical 

recommendation is to report both marginal coverage and local coverage diagnostics, so 

that users can see whether the adaptive intervals are reliable across subgroups and time 

blocks. 

Compared with state-space or Markov switching models, DAN-CQR is less 

parametric. State-space models describe dynamic latent processes and can be highly 

effective when the assumed structure is correct. Markov switching models are powerful 

when the data move between a finite number of regimes. DAN-CQR does not require 

explicit regime labeling, although it can be combined with regime probabilities. This 

makes it attractive as a first-stage distributional method when the analyst suspects 

nonstationarity but does not want to impose a full regime model. 

 

4.8. A Research Agenda for Quantile Regression Development 

The proposed framework suggests a broader research agenda. The first agenda is 

theory for quantile regression under adaptive relevance weighting. Classical asymptotic 

theory usually assumes that observations are identically distributed or follow a specified 

dependence structure. In many real applications, the more realistic assumption is that 

the data are locally stable but globally changing. A theory of memory-weighted quantile 

regression under local stationarity would provide a stronger foundation for DAN-CQR 

and related methods. The second agenda is calibrated distributional inference under 

nonexchangeability. Conformal prediction has become influential because it separates 

predictive validity from distributional modeling assumptions. The challenge is that 

many real data streams violate exchangeability. Developing conformal quantile methods 

for temporally dependent, drifting, or regime-switching data would be valuable not only 

for quantile regression but also for probabilistic forecasting more generally. DAN-CQR 

can be viewed as one practical step in this direction. 

The third agenda is explainable tail modeling. Many machine-learning methods 

can produce accurate prediction intervals, but they may not explain why the lower tail 

or upper tail changes. Quantile regression has an advantage because coefficient 

functions across τ can be interpreted. Future work should develop visualization tools 

that display how covariate effects evolve across quantiles and over time. Such tools 

would make distributional modeling more accessible to policymakers, educators, 

economists, and domain scientists. 

The fourth agenda is software and benchmarking. A new method will not be 

adopted unless it is easy to use and thoroughly benchmarked. Future studies should 

compare DAN-CQR with quantile forests, gradient boosting quantile models, neural 

quantile models, Bayesian quantile regression, and standard CQR across many data-

generating mechanisms. Benchmarks should report not only average error but also tail 

error, local coverage, interval width, crossing, computation time, and sensitivity to 

tuning parameters. 

The fifth agenda is integration with causal and policy analysis. Quantile treatment 

effects are important when interventions affect different parts of the outcome 

distribution differently. A drift-adaptive quantile framework could help evaluate 
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whether policy effects change over time or whether the beneficiaries of a policy shift 

across the distribution. This would extend the value of quantile regression from 

prediction to evidence-based decision making. 

 

4.9. Suggested Reporting Structure for Future Empirical Papers 

Future empirical papers that apply DAN-CQR should report the analysis in a way 

that separates modeling, calibration, and interpretation. The first subsection should 

describe the response variable, covariates, time order, and why the conditional mean is 

not sufficient. The author should explain whether the scientific interest lies in the lower 

tail, median, upper tail, or the entire conditional distribution. This step is important 

because quantile regression is not only a technical method; it is a way of asking a more 

distribution-sensitive research question. The second subsection should describe the 

chosen quantile levels and the basis functions used in the model. If the model uses 

polynomial, spline, interaction, or machine-learning transformations, the rationale 

should be stated. A common weakness in applied quantile regression papers is that the 

quantile levels are selected mechanically, such as 0.25, 0.50, and 0.75, without explaining 

why those levels matter. In risk studies, extreme quantiles may be more meaningful. In 

social science, lower and upper quartiles may be easier to communicate. In forecasting, 

the lower and upper quantiles should match the desired prediction interval. 

The third subsection should report the adaptive components. The memory 

parameter, robustness constant, penalty values, and conformal bandwidth should be 

stated explicitly. If these were selected by validation, the validation criterion should be 

written clearly. If they were chosen substantively, the reason should be explained. This 

transparency protects the study from becoming a black-box forecasting exercise. It also 

allows other researchers to reproduce the model or test whether the findings are 

sensitive to tuning choices. The fourth subsection should report distributional 

diagnostics. At minimum, the paper should show whether quantile crossing occurred 

before rearrangement, whether rearrangement changed the fitted curves substantially, 

whether empirical coverage is close to the nominal level, and whether coverage remains 

acceptable across time blocks or subgroups. A model that looks good only on an average 

metric may be misleading. Since the purpose of quantile regression is to understand 

heterogeneity, the evaluation must also be heterogeneous. 

The final subsection should interpret the quantile-specific effects. Authors should 

avoid writing that a covariate has one fixed effect if the estimated coefficient changes 

across quantiles. Instead, they should describe whether the effect is stronger in the lower 

tail, around the median, or in the upper tail. If the model is drift-adaptive, authors should 

also clarify that the estimated effect represents the recent or locally relevant distribution, 

not necessarily the entire historical period. This reporting habit will make the method 

more scientifically honest and easier for readers to understand. 

 

4.10. Critical Assumptions and Possible Failure Cases 

Although DAN-CQR is designed to be flexible, it is not free from assumptions. The 

first assumption is that recent observations contain useful information about the current 

distribution. If the process is purely seasonal with long cycles, a simple recency weight 

may be less appropriate than a seasonally matched memory weight. For example, 

rainfall in the current month may be better compared with the same month in previous 
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years than with the immediately preceding month. In such cases, the memory function 

should be redesigned to reflect domain knowledge. 

The second assumption is that calibration observations are relevant for future 

observations. If the calibration period is too short or structurally different from the test 

period, the conformal correction may be unreliable. This problem is not unique to DAN-

CQR; it affects all calibration-based methods. The practical solution is to monitor 

coverage sequentially and recalibrate when coverage deteriorates. In high-stakes 

applications, a conservative global correction can be combined with the local correction 

to avoid excessive undercoverage. The third assumption is that the chosen covariates 

contain enough information to explain local distributional changes. Memory weighting 

cannot compensate for missing predictors. If an unobserved policy change, technological 

shock, or measurement change drives the distribution, the method may adapt slowly or 

interpret the change as noise. This is why statistical modeling should be connected with 

substantive knowledge. A well-designed quantile regression model is not only a 

numerical optimization problem; it is a representation of the analyst’s understanding of 

the data-generating context. The fourth possible failure case is excessive model 

flexibility. When the base learner is too flexible and the sample is small, estimated tail 

quantiles may become unstable. Local conformal correction may then widen intervals 

substantially. This is not necessarily a failure of calibration; it may be a warning that the 

fitted quantile model is unreliable. Analysts should inspect the stability of estimated 

quantiles before interpreting fine-grained local patterns. Simpler basis functions may be 

preferable when interpretability and robustness are more important than marginal gains 

in fit. 

The fifth possible failure case is careless interpretation of tail estimates. Extreme 

quantiles require enough information in the tail. Estimating the 0.99 quantile from a 

small sample can be unstable even with advanced methodology. DAN-CQR can 

improve adaptation and coherence, but it cannot create tail information that is absent 

from the data. For this reason, the choice of quantile levels should be aligned with sample 

size, outcome variability, and the practical consequences of underestimating or 

overestimating risk. 

 

5. CONCLUSION 

This article proposes Drift-Adaptive Non-Crossing Quantile Regression (DAN-

CQR) as a new methodological framework for modeling conditional distributions under 

nonstationary data. The method combines memory-weighted quantile loss, robustness 

against historical anomalies, multi-quantile estimation, non-crossing rearrangement, 

and local conformal calibration. The framework is motivated by a practical gap: many 

real data sets are dynamic, heteroscedastic, and tail-sensitive, while conventional 

quantile regression is often applied as a static set of independent quantile fits. The 

preliminary simulation suggests that DAN-CQR can produce coherent quantile 

estimates and calibrated prediction bands with shorter intervals than global 

conformalized alternatives in a challenging synthetic scenario. The result should not be 

interpreted as a final proof of superiority, but as evidence that the proposed integration 

is meaningful and worth developing further. The method opens a research path for 

robust, interpretable, and adaptive distributional regression in economics, finance, 

environmental risk, public policy, health, and education. 
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